I. A lower bound.
Let V be a vector bundle associated to the SO(w) (Spin(w)) frame bundle of a compact ^-dimensional oriented (spin) Riemannian manifold X, with a positive-definite inner product ( , ). For each metric g, let T g : C°°(V) -> C°°(V) be a geometric elliptic symmetric differential operator of order j < n. [4] . X is a spin manifold with a fixed spin structure. The spinor bundle V is associated to the principal Spin(«) bundle over X. The Dirac operator is the composition D: C°°(F) ^ C°°(F) 0 A\ X) -> C°°(F), the last map being Clifford multiplication. , which has an additional line bundle tensored, by the factor e~σ, but does not change the conclusion of [4] that the dimension of the harmonic spinor space is conformally invariant. The two Dirac operators can be compared because the conformal change in the metric does not affect the spinor bundle; only the soldering form on the Spin(w) bundle is changed, not the bundle itself.
Equation (1) implies, in particular, that on S 2 , 3c > 0 s.t. Vg, λ\(g) > c-^Volg)"
1 . On the standard S 2 , λ x = 1. Thus the best constant
The conformal covariance can also be used to get upper bounds on 
< -
Thus λ^ < al with 2 | C oo (K) [7] . By the GoldenThomson inequality, si.
with T being the local fiber trace.
We write e~T v+v (x, x) as a Feynman-Kac path integral. This is given as a limit of approximations, each of which can be estimated.
Let r be the cut radius of X, K τ (x, y) be the kernel of Putting a = j8λ y ,
Thus it suffices to assume R min = 0, pick /? to estimate λj and then add i* min . Putting ^ = 0 in (3),
2/n
This gives lower bounds whenever 7 > 2 [n/2 \ but to get the best power law behaviour take a = n/2 and 7 > 2 [n/2] e n/2 . Then
We note that C\ can be estimated from below in terms of Diam(g), Vol(g)andRic(g) [2] . D
